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Nomenclature
é,é, = unit vectors in r and z directions, respectively
- = directional radiative intensity, W/m? sr
i, = unit normal vector at surface i, n;,é, + n, €,
F = position vector
§ = unit direction vector, sin 0 cos ¢ é,
+ sin O sin ¢ é, + cos 6 €,
Qpup= 12 = coefficients of the angular derivative term,
Eq. (6)
AA,, AV = surface area and volume of the control volume
0, ¢ = polar and azimuthal angle measured from é,
and é,, respectively
K, = absorption coefficient, m™"
o = Stefan-Boltzmann constant,
5.67 X 1078 W/m’K*
o, = scattering coefficient, m™’
[ = scattering phase function
Subscripts
E, W, T, B = east, west, top, and bottom neighbors nodal
points of P
e, w,t, b = east, west, top, and bottom control volume
faces
P = nodal point in which intensities are located
w = wall
Superscripts
mn, m'n’ = radiation direction

Introduction

OR many engineering applications in thermal science, an

axisymmetric assumption is usually made to simplify the
problem as well as to reduce the computational efforts. For
example, the high-temperature flow in a diffuser or converging
and diverging nozzle with a variable area as well as in a pipe
or can-type gas-turbine combustor having a constant cross-
sectional area often allow an axisymmetric assumption. Be-
cause these problems occasionally involve a thermal radiation,
the solution method treating the thermal radiation in a general
body-fitted axisymmetric cylindrical geometry is in high de-
mand.
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During the past few decades numerous methods have been
proposed to solve the radiative transfer equation (RTE) in the
axisymmetric geometry. The Sy discrete-ordinates method
(DOM)'? has been widely used, owing to its simple solution
procedure, reasonably small computation time, its compatibil-
ity with other finite-differenced transport equations, andre-
markable solution accuracy. This method, however, has not yet
been extended to axisymmetric geometry with curved bound-
ing walls such as in the diffuser or converging and expanding
enclosure-like nozzle. For the analysis of axisymmetric radi-
ation, the recently proposed finite volume method (FVM),’
which is devised with the concept of treating the nonorthog-
onal geometry, adopts a mapping* that yields a complete so-
lution by solving an intensity field in a single azimuthal direc-
tion in a three-dimensional cylindrical model. Thereafter, while
Chui et al.’ implemented this method for calculating radiation
in a pulverized fuel flame, Baek and Kim® applied it to radi-
ative heating of a rocket plume base plane caused by search-
light and plume emissions. Although the axisymmetric FVM
has an advantage of flexibility in an irregular or curved ge-
ometry with arbitrary control angles, the complexity in the
three-dimensional solution procedure as well as in the limited
spatial mesh system adopting the perpendicular plane at each
axial location because of its mapping, prohibits the use of this
FVM in attacking general body-fitted axisymmetric applica-
tions, where the grid orthogonality at a bounding curved wall
is usually required to capture the physical phenomena.

Recently, Baek and Kim’ proposed a hybrid method of a
modified discrete-ordinates method (MDOM) in an axisym-
metric cylindrical geometry. In the MDOM, any set of arbi-
trary control angles can be chosen as usually done in the FVM,
while still keeping a simple calculation procedure as in the
conventional DOM. In this work, the MDOM is further ex-
tended to analyze a problem of radiative heat transfer-in the
axisymmetric enclosure with curved wall boundary using the
body-fitted mesh system. It is actually achieved by imple-
menting adequate geometrical and directional knowledge. In
the following, after formulating the discretization equation in
a general axisymmetric geometry with a variable cross-sec-
tional area, it is applied to two benchmark problems such as
a truncated cone and a nozzle-shaped cylindrical enclosure.
Finally, some concluding remarks are presented.

Formulation
MDOM

To derive the discretization equation in a two-dimensional
axisymmetric coordinate, it is necessary to resolve the angular
derivative term encountered as a result of angular redistribu-
tion. This term can be treated as done by Carlson and Lathrop,'
ie.,
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is the discrete control angle that is analogous to angular weight
in the conventional DOM, 7 = sin 0 sin ¢ is the direction
cosine, and @,y is the coefficient for the angular derivative
term. Here, it is sufficient to consider only ., =), AQ™ =
21 steradians in a solid angle because of its symmetry.

To obtain the discretization equation, the RTE is integrated
over the control volume as well as the control angle by assum-
ing that the magnitude of intensity is constant within a control
angle, but allowing its direction to vary, as done in the
FVM."”® Then, the following formulation can be obtained:

AV -
2 IT"AADY — r_ (Quns12 17" = Q1 15" 7%)

i=ew,t,b P
+ (k, + 0)pIF"AVAQ™ = (SFHAVAQ™ 3)
where

ot omt
D7 =f f sin 6(n;, sin 6cos ¢ + n;,cos ) dOdd (4)
¢ Jom-

M N

SF = Kl + = 2 D I BT (5)

m'=1 n'=1

While Eq. (4) represents the directional weight,®” which is sim-
ilar to the multiplication of direction cosine by quadrature
weight in the conventional DOM,"* Eq. (5) illustrates the
source term composed of both medium emission and in-scat-
tering. To determine the «,,,.,» term in Eq. (1), a divergence-
less flow is considered as in Carlson and Lathrop.' Thereby,
the following recursive relation for the coefficients «,,,+,,, can
be obtained:

r
Qmn—172 — Omn+i2 = _j/ 2 AADE O]

i=ew,1,b

with the initial condition of a,.+1,, = 0. Note that for the case
of right cylinder, the right-hand side of Eq. (6) becomes
—D™ as shown in Baek and Kim.’

Among many schemes, the step scheme
encing and the angular flux value of I™**
lows:

=11 in spatial differ-

Y2 is chosen as fol-

I7" D7 = Ip" max(Dy', 0) — IF" max(—DZ7, 0) @)
Il;n—l/Z = Ir;:n

m=1,....M, n=1,...,N 8

with the condition of I3V*"? = I?". Finally, rearranging Eq. (3)
for I3", we obtain the following discretization equation:

AT = ATy + ayTy + a4+ Iy + b (9)

where
a)" = max(—AA,; D7, 0) (10)
AV
ar= >, max(AADI,0)+ (, + 0)pAVAQ™ + = a,,_,,
i=ewtb P
11

AV
P = (SRDPAVAQ™ + - U1 T2 12)

P

A similar expression is found in the case of right cylindrical
enclosure by Baek and Kim.’

Supplementary Equations

Because the detailed information about the control angles,
boundary conditions, solution procedure, and convergence cri-
terion is well documented in Baek and Kim,’ it is not repeated
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Fig. 1 Cross-sectional side view of a typical control volume.

here. But it is noted that the information about #;, AA;, and
AV are required for closing the MDOM in general axisym-
metric coordinates, which are readily derived from the geo-
metric relations, for example, in the mesh shown in Fig. 1

A, =[Az, + (d — 0)&VV(A2)’ + d — )  (13)
AA, = m(c + d)V (A2 + d — ¢)? (14)
AV = (m/3)Az[(¢* + cd + d*) — (@® + ab + b)] (15)

Once the intensity field is calculated, the wall radiative heat
flux can be estimated as follows:

M N
4 = f ¢, HEAY Q=2 D > 1D (16)
Q=47

m=1 n=1

where D7y is the directional weight at the bounding wall that
becomes positive when the radiative beam leaves the wall.

Results and Discussions

To validate the present formulations for the axisymmetric
enclosure with a curved wall, two benchmark problems are
examined. For all of the cases presented next, a total solid
angle of 2 steradians is divided into (M X N) directions with
equal AG = 6" — 0™ = @/M and Ap = " — ¢ = @/N.
The control angle overlapped at the curved wall is treated fol-
lowing the approach of Moder et al.,” which is known as the
“bold approximation.”” For all of the cases studied next, the
net radiative heat flux distribution at the bounding side wall
of the axisymmetric enclosure is to be calculated.

The first benchmark problem deals with a truncated cone or
diffuser-shaped axisymmetric enclosure as depicted in Fig. 2.
The side wall is inclined at tan™'[(r, — r,)/z.] deg with respect
to the z axis, where r; = 0.0833 m, r, =0.5833 m, and z. = 1
m are adopted to compare the result with that of Kaminski,"
who examined radiative transfer in a conical enclosure using
the Monte Carlo and the P, approximations. All bounding
walls are cold and black, whereas the enclosed medium is hot
and has three absorption coefficients of 0.1035, 0.207, and
1.035 m™'. The spatial and angular grid systems of (N, X N,)
= (12 X 24) and (Ny X N) = (12 X 8) are used to examine
the problem. Denser grids did not change the solution accuracy
significantly. Figure 2 shows the nondimensional heat flux dis-
tribution along the side wall. In this figure, the present solu-
tions are compared with the Monte Carlo and P, solutions.
The maximum difference between the present and the Monte
Carlo solution amounts to 2.1% near the z/z. = 0.5 for the case
of kK, = 1.035 m™".

For the second test problem, the MDOM is applied to a finite
axisymmetric cylindrical enclosure with a curved wall like a
propulsive nozzle shaped as

riz. = ¥[1 + sin(7z/2z,)] an
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Fig. 2 Comparison of the radiative wall heat flux along the side
wall of a truncated cone-shaped enclosure.
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Fig. 3 Top and side views of the spatial grids used in the a)
MDOM, b) three-dimensional FVM, and c) axisymmetric FVM.
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Fig. 4 Comparison of the radiative wall heat flux along the side
wall of a nozzle-shaped enclosure.

Table 1 Comparison of the relative average error (%) and
computation time (seconds) on a HP 712/75 workstation
for a nozzle-shaped cylindrical enclosure®

Kz, m™! Error, % Time, s
0.1 2.38°/0.54° 7.7°141.7°
1 3.75/0.84 7.7/41.6
5 2.96/0.49 5.1/32.3

*The grid systems of (N, X N) X (Ns X Ny) = (16 X 28) X (4 X 6)
I)and (8 X 16) X (10 X 12) are used.

(16 X 28) X (4 X 6).

%8 X 16) X (10 X 12)

where z. = 4 m is the length of the cylinder. Inside is a hot
isothermal medium with three different absorption coefficients
of 5, 1, and 0.1 m™". All of the walls are cold and black.
Because there is no benchmark solution to be compared in this
case, we have generated other solutions using the nonorthog-
onal three-dimensional FVM"' and the axisymmetric FVM.*¢
Figure 3 represents the spatial grid system used in each so-
lution method. Note that the axisymmetric FVM necessitates
a spatially cylindrical three-dimensional mesh shown in Fig.
3c, whereas calculation using the MDOM is performed in a
two-dimensional one in Fig. 3a as does the conventional
DOM.

Variations of the nondimensional wall heat flux on the side
cold wall are plotted in Fig. 4. For k, = 5 m™’, the radiative
heat flux along the side wall is nearly equal to unity because
the intensity impinging on the side wall is influenced mainly
by the neighboring optically thick hot medium. Near the cor-
ners, however, the radiative heat flux sharply decreases be-
cause of the top and bottom cold walls. As the absorption
coefficient decreases to 0.1 m™', the heat flux is also reduced
because of its reduced emission of the medium and far-reach-
ing effect. In Fig. 4, it is found that the present MDOM yields
good results compared with other solutions of the three-di-
mensional FVM and the axisymmetric FVM. The present
MDOM solutions obtained by changing the spatial and angular
grid systems are also compared in Fig. 4 and Table 1. Table 1
shows the relative average error and the computation time of
the solutions obtained using (N, X N,) X (Np X Ny) = (16 X
28) X (4 X 6) and (8 X 16) X (10 X 12). Here, the average
error means (g5 — gv,)/q% . along the side wall divided by N,,
where g%, is the heat flux obtained by using the most fine
system of (38 X 68) X (14 X 16). It can be observed that the
angular discretization exerts more influence on the heat flux
distribution. Overall, the present MDOM yields good results
compared with other solutions.

Concluding Remarks

A modified form of the conventional DOM (MDOM) is pro-
posed in a general axisymmetric enclosure with a curved or
inclined side wall. The present method is validated by applying
it to two benchmark problems of a truncated cone and nozzle-
shaped enclosure, and comparing the results with others. All
of the results presented in this work supported its solution
accuracy in the numerical calculation of axisymmetric radia-
tion. Consequently, the procedure in this study is found to be
very useful in analyzing the combined heat transfer in axisym-
metric geometry, particularly with a curved shape.
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Acoustically Levitated Droplet
Viscosity Measurement

G. E. Mitchell,* Y. Bayazitoglu, and R. Shampinei
Rice University, Houston, Texas 77251-1892

I. Introduction

HE ability to levitate a sample and isolate it from contact

with a solid surface prevents the contamination of the
sample, which could alter the measured value of the property
of interest, and also eliminates surface imperfections that can
cause premature solidification in a subcooled liquid sam-
ple.! While the measurement of surface tension and viscosity
are often mentioned together, the theory concerning the con-
tainerless measurement of these properties has been seen to
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diverge somewhat.”> Chandrasekhar® and Reid* extended the
analysis to permit arbitrary droplet viscosity. These works,
however, considered only cases where the viscosity of the host
medium surrounding the droplet could be neglected. Miller and
Scriven® then considered a viscous spherical droplet oscillating
in a medium of arbitrary viscosity. More recently, the normal-
mode analysis of Prosperetti® and the numerical studies of
Cumins and Blackburn’ and Bayazitoglu and Suryanaray-
ana®'® have extended the range of theory closer to areas of
experimental interest as technological advancements have al-
lowed the measurements of quantities that were once beyond
reach.

Earth-based experiments necessarily combine droplet vis-
cosity and static deformation. Nonetheless, containerless sur-
face tension measurements of low-viscosity liquids using
Earth-based levitators have obtained good results,'"'? both in
terms of measuring the surface tension and in confirming the-
oretical predictions for the frequency splitting of deformed
droplets.

The viscosity of the droplet serves as a damping force for
the oscillations that decay exponentially as e . Here, B8 is a
complex-valued decay factor, where the real part 7' is the
damping rate and the imaginary part w corresponds to the nat-
ural frequency of oscillations. Theoretical relations between 7,
o, and the viscosity » exist,*'> which allow the viscosity of a
liquid to be deduced from the damping rate of droplet oscil-
lations just as natural frequency measurements have been used
to find surface tension.

To this point, levitation experiments have focused on prop-
erties besides viscosity, which is a much more technically chal-
lenging property to measure using levitation. While damping
rates have been measured for oscillating viscous droplets sus-
pended in an immiscible liquid of comparable viscosity,"* such
data for liquid droplets oscillating in air have not appeared in
the literature.! Trinh et al.'* found discrepancies between the
measured and theoretical damping rates that were attributed to
the inertia of the viscous boundary layer and temporal varia-
tion in the fluid properties near the interface. The present work
seeks to obtain damping rate data for liquid-air systems,
thereby simplifying the analysis and reducing the inertia of the
viscous boundary layer by reducing its thickness. Typical as-
sumptions made for theoretical prediction are isothermal drop-
lets making small-amplitude oscillations about a spherical
shape in the absence of external forces and contamination. The
present experimental work is intended primarily to test the
feasibility of the concepts involved. It should be noted that the
droplets are axisymmetric, but not spherical. The levitation
forces cause them to be slightly flattened axisymmetrically.

Damping rate information may be obtained through mea-
surement of the decay time or by measuring the sharpness of
a resonant peak in the frequency spectrum. Using these meth-
ods, three different procedural approaches are possible. The
time required for decay could be taken from an oscilloscope
trace of the decaying oscillation amplitude immediately fol-
lowing the cessation of the driving force. This approach was
used by Trinh et al." in their study of droplets immersed in
an immiscible liquid. In their case, however, the natural fre-
quencies were much lower and the liquid host medium pro-
vided additional damping.

The damping rate could also be derived from the sharpness
or quality factor, Q, of a resonant peak in the response spec-
trum of the droplet. This could be obtained simply by slowly
sweeping the excitation frequency through a natural frequency
while measuring the amplitude of the droplet response. This
method is also cited by Trinh et al. in their work in immiscible
liquid systems. They show the swept frequency response of a
silicone/CCl, droplet levitated in distilled water, and the re-
semblance to a bell curve is easily seen. However, it should
be noted that a droplet immersed in an immiscible liquid takes
on a virtually spherical shape even in gravity caused by the
small difference in density between the two liquids. As such,
each mode of oscillation exhibits just one resonant peak, in



